Abstract-This paper investigates the fundamental limits on the gain of joint Network Coding and link-layer transmission Rate Diversity in wireless multicast applications. Network Coding has been shown to improve throughput of wireless multicast in various scenarios and applications. Those applications can further exploit link-layer Rate Diversity, whereby individual nodes can transmit at faster rates than the overall uniform rate at the expense of smaller coverage area. The benefits of Rate Diversity for wireless multicast have been demonstrated before, without considering the inter-connections between network coding and rate diversity. In this paper, we address the performance of Network Coding and Multi-Rate Diversity in wireless multicast networks and thereby derive formal bounds on the throughput gain for such networks.
I. INTRODUCTION
By appropriately mixing data packets at intermediate nodes, Network Coding allows a single multicast flow to achieve higher throughput to a set of receivers. Network Coding has been shown to improve throughput of wireless networks in multicast applications under various conditions. More generally, the benefits of network coding are improved energy efficiency [1] (by reducing the number of distinct transmissions), higher throughput and robustness (by allowing nodes to recover from packet losses by receiving redundantly encoded versions of the original data). By saving on the number of independent transmissions needed, network-coding effectively reduces the fraction of time the wireless channel is held by a single packet and thereby also helps increase the overall network throughput.
There is another degree of freedom in wireless environments, namely link-layer rate diversity. Most commodity wireless cards are now capable of performing adaptive modulation to vary the link rate in response to the signal-to-interference levels at the receiver. Link rate diversity typically exhibits a rate-range tradeoff : if the same transmission power is used for all link transmission rates, then, in general, the faster the transmission rate, the smaller the transmission range (although, the rate-distance variation in real life is somewhat irregular (e.g., see [2] )). The link-layer rate diversity provides a two-fold improvement. By increasing the rate, better rates effectively reduce the fraction of time the wireless channel is held by a single transmission thus increasing the overall network throughput. In addition to exploiting better link-layer rates, we can also improve network throughput by allowing a forwarding node to transmit a packet more than once, at different rates. This helps disseminate the information faster for many receivers. Scenarios that can benefit from that include multicast applications, such as file sharing, video distribution and peer to peer content dissemination, both in tactical military and vehicular networks.
In this paper, given the importance of the network coding and multi-rate diversity gain in multicast wireless application, we are interested in investigating two main questions. The first fundamental issue is the effect of the number of flows in the gain provided by Network Coding and Multi-rate diversity. We shall show that the number of flows is an important parameter in the performance gain provided by Network Coding.
The second question is the bound on the maximum gain provided by joint Network Coding and Multi-rate Diversity. The knowledge of the maximum throughput gain is very important. Any traffic load higher than the throughput capacity will not be supported by the network. It may even decrease the throughput performance as a result of higher medium contention. The throughput gain can also be used to evaluate the performance of different protocols.
Network Coding, which has been shown to have a limit gain of 2 in lossless network, has been the focus of extensive research. In this paper we formalize the Multi-rate diversity gain, which has been shown (independent of network coding) to provide up to 9-fold improvement in throughput and latency.
In summary, we are interested in answering the following practical issues:
• Does the number of flows affect Network Coding and Multi-rate diversity Gain?
• What is the fundamental limit gain achievable with Network Coding and Multi-rate diversity?
The paper is organized as follows. In the next section, we present related work and motivate this work by describing an example where multi-rate and network coding yield throughput gain. In section III we describe bounds on the throughput gain and show the influence of the number of flows in this bound. Finally we conclude the paper and describe future work.
II. RELATED WORK
Ahlswede et al. [3] demonstrated that, in general, for multicast applications, network coding could attain an optimal capacity that cannot be realized via any feasible routingonly scheme. In order to achieve this maximum capacity, Li et al. [4] showed that it is sufficient for the encoding function to be linear. One such linear function, Random linear coding [5] , was implemented in CodeCast [6] , an Ad hoc Multicast Protocol. They showed that network coding could improve the overall download latency for file-sharing applications. Assuming equal rate for all transmissions, Park et al. [7] developed a linear program to compute the theoretical maximum throughput that could be achieved for a wireless multicast flow with network coding. Liu et al. [8] demonstrated the bounds on the gain of network coding to be a factor of 2 for the single multicast case. In [9] , it is shown that pairwise intersession network coding can improve the throughput of routingbased solutions, regardless of whether perfect scheduling is used. Le et al. [10] derived a tighter upper bound on the throughput gain for a general wireless network based on the encoding number, i.e, the number of packets that can be encoded by a coding node in each transmission. For a single coding structure with n flows, the maximum throughput gain for both the coded and non-coded flows is upper bounded by 2n/(n + 1). However, all of these analyses did not consider the impact of transmission rate diversity at the link-layer and instead assume that the transmission rate is independent of link distance. The use of link-layer transmission rate diversity for multicast and broadcast routing was first explored in [11] . They reduced the broadcast latency (defined as the worst case dissemination delay of a packet to a group of receivers) by 3-5 times, compared to conventional diversity-unaware routing strategies by developing a rate-diversity aware broadcast tree construction heuristic, called WCDS (weighted connected dominating set). In [12] , rate control is addressed at transport layer to adjust source rates. Khreishahet al. [13] developed distributed rate allocation algorithms and coding schemes, but for transmissions targeted towards multiple unicast flows.
In [14] and [15] , we have shown that multirate diversity and network coding ca be combined to provide throughput gain of 8 times or more. This can be demonstrated by the example shown in Figure 1 . Consider a network formed by 5 nodes. Node 1 has packet A to broadcast and node 2 has packet B. The link rate at each pair of nodes is 11 Mbps, except between 1 and 2, which is 1 Mbps. For simplicity, 802.11b transmission values were used and assumed the packet size to be 11MB.
A pure routing-based and rate diversity-unaware strategy tries to schedule the dissemination of the broadcast packets so as to avoid collisions among contending links. In other words, it is necessary to consider wireless interference. In our scenario, only one node can transmit in a time slot. Furthermore, broadcast and multicast happens at the minimum rate available. To ensure that all neighboring nodes are able to receive a packet, nodes have to transmit with the lowest rate among neighboring links.
For rate diversity-unaware and without Network Coding, an optimal transmission schedule is given in Figure 2 , taking 24 time units.
For rate diversity-aware and with Network Coding, an optimal transmission schedule is given in Figure 3 . The gain in throughput occurs by exploiting multi-rate diversity to first transmit to neighbors at a higher rate, to allow nodes with better transmission rates to transmit more than once and also by applying network coding and combining packets. In the example, the resulting gain is of 8 times, from 24 time units to just 3. Figure 4 shows the optimal broadcast scheduling for rate diversity-unaware with Network Coding, while Figure 5 shows the optimal broadcast scheduling for rate diversity-aware without Network Coding. One can observe that the gain of multi-rate diversity and network coding is independent. Both can be used separately, but the combination of both provides the maximum gain. We now investigate the fundamental limits for rate diversity-aware and Network Coding gain. 
III. FUNDAMENTALS LIMITS

A. One Coding Structure
Consider the wheel topology, shown in Figure 6(a) . We select the wheel topology because it has been shown to provide the performance gain of network coding for different number of flows [16] . One node is placed on the center, n − 1 nodes are spaced along a circle. Assume that all nodes can communicate with each other, except with the one exactly opposite to it. One example of a possible physical topology for such logical topology is shown in Figure 6 (b). We assume that the transmission of node i can be successfully received by all nodes along the circle except for node j. Each source node chooses its opposing node as its destination. All coding flows are relayed by the node at the center. We refer to this structure with at least one relay coding node and many neighbors nodes as coding structure. We assume that wireless nodes operate at half-duplex mode. Nodes that interfere with each other share the common channel bandwidth, denoted by T . Without network coding, the maximum total throughput occurs when flow rate conservation is ensured at the relay node (i.e. the node in the center). The total bandwidth allocated to nodes 1 to n should be equal to the total bandwidth allocated to the node in the center. When this happens, the maximum total throughput is T /2.
With network coding, the maximum total throughput is realized when the transmission schedule follows a cyclic pattern, such as 1, 2,..., n, and relay node. In this case as well , the bandwidth is equally allocated among all nodes, resulting in a maximum total throughput of nT /(n + 1).
Lemma 3.1: For n flows, the gain on Network Coding in throughput is upper bounded by 2n/(n + 1).
Proof: It follows by dividing the maximum total throughput without Network Coding T /2 by the maximum total throughput nT /(n + 1). Lemma 3.1 was first proven in [10] . Lemma 3.2: Let m denotes the minimum rate and M the maximum rate. In a coding structure route-aware, the maximum gain from from Multi-Rate is (m + M )/2m.
Proof: In a coding structure, such as the wheel topology, which maximizes the network coding gain, the maximum gain is produced when one transmission at the minimum rate is replaced by one at the maximum rate. Therefore, the upper gain from from Multi-Rate is (m + M )/2m.
Thus we arrive at the Network Coding and Multi-Rate Fundamental Limit Theorem for one coding structure.
Theorem 3.3: In each coding structure, the throughput gain is bounded by 2n/(n + 1) * (m + M )/2m, where n is the number of coding flows, m is the minimum rate and M is the maximum rate.
Proof: We have shown that the maximum gain in the wheel topology, which maximizes the throughput gain in a coding structure is given by Lemma 3.1. As observed previously in Section II, the gain of network coding is independent of multi-rate diversity gain. Therefore the gain is the product of both gains shown in Lemmas 3.1 and 3.2.
B. General Wireless Network
Previously we characterize the throughput gain for the basic coding structure. Now we describe the throughput gain for a general wireless network. In this scenario, there can co-exist many coding structures in the network and there can also be non-coding flows causing interference with the coding flows.
Let G c represents the throughput in the network using network coding and G nc the same for a network without network coding. The throughput gain Γ is defined as G c /G nc The optimal values for G * c and G * nc may use different routes. We are interested in the maximum throughput gain Γ * defined as the maximum value for G c /G nc , over all topologies, traffic demands and routing algorithms.
In the case there are non-coding flows causing interference with the coding flow, we use Lemma 3.4 proven in [10] .
Lemma 3.4: For a single coding structure with possible non-coding flows interfering with the coding node, the maximum throughput gain Γ * is upper bounded by 2n/(n + 1). In the case there are many coding structures in the network, we should note that the coding scheme only increases the bandwidth efficiency of the coding node. If a coding flow transverses several coding structures, its end-to-end throughput is upper bounded by the bottleneck coding structure. In other words, the throughput improvement is limited by the throughput gain in the transversed coding scheme with the least improvement.
Now we arrive at the Network Coding and Multi-Rate Fundamental Limit Theorem.
Theorem 3.5: For a general network, the throughput gain Γ * is bounded by 2n/(n + 1) * (m + M )/2m, where n is the number of coding flows, m is the minimum rate and M is the maximum rate.
Proof: Theorem 3.3 shows that each coding structure i can provide a maximum throughput gain of 2n i /(n i + 1) * (m + M )/2m. Because we ensure the same throughput gain by all flows, the throughput gain is limited by one of the coding structures that provide the least throughput gain.
We can conclude that:
• Multi-Rate diversity gain does not depend on the number of flows n, while network coding solely does.
• The gain provided by multi-rate diversity is limited by the maximum rate, while network coding is limited by a factor 2, in accordance with previous work [8] .
IV. CONCLUSION
We have demonstrated in this paper that multi-rate link layer broadcasts and network coding can be mutually combined to increase network throughput in multicast applications. We show that the fundamental limit gain by exploiting multi-rate diversity and Network Coding is bonded by 2n/(n + 1) * (m + M )/2m, where n is the number of coding flows, m is the minimum rate and M is the maximum rate. Our results are particularly useful for design and analysis of coding-aware MAC and routing protocols.
As part of our future work, we plan to develop a rateaware multicast routing protocol that is fully enhanced to take advantage not only of rate diversity but also network coding under mobile environments. Figure 7 illustrates a network with 7 nodes, 3 multicast flows from nodes labeled 1, 2 and 3 to nodes labeled 4 to 7. Minimum rate is 1 and maximum rate 11. Rates that are 11 are not written in the figure. Observe the gain from spending 36 timeslots (in Figure 8 ) to 4 timeslots in Figure 9 . As according to the Network Coding and Multi-Rate Fundamental Limit Theorem, a gain of factor of 9. By having even higher rates, such as 54MB in 802.1g, we can provide even higher gains. 
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